In this paper we investigate the compatibility of the BRST reduction procedure with the Hermiticity of star products. First, we introduce the generalized notion of abstract BRST algebras with corresponding involutions. In this setting we define adjoint BRST differentials and as a consequence one gets new BRST quotients. Passing to the quantum BRST setting we show that for compact Lie groups the new quantum BRST quotient and the quantum BRST cohomology are isomorphic in zero degree implying that reduction is compatible with Hermiticity.
Introduction
The aim of this work is to investigate the compatibility of the BRST reduction in deformation quantization, as introduced in [4] , with the Hermiticity of star products. Deformation quantization as introduced in [1] by Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer relies on the idea that the quantization of a symplectic or Poisson manifold M representing the phase space of a classical mechanical system is described by a formal deformation of the commutative algebra of smooth complex-valued functions C ∞ (M ). Explicitly, one defines a star product ⋆ on M being a [[λ]]-bilinear associative product on C ∞ (M ) [[λ] ] of the form
where C 1 (f, g) − C 1 (g, f ) = i{f, g} and where all the terms C r are bidifferential operators vanishing on constants. Here the formal parameter λ is supposed to be real.
Thus the quantum observables are described by the non commutative algebra ( C ∞ (M ) [[λ] ], ⋆). In order to get a *-algebra structure on the quantum observables we need to consider a *-involution for the star product. One calls the star product Hermitian if the complex conjugation is an involution, i.e.
if f ⋆ g = g ⋆ f for all f, g ∈ C ∞ (M ) [[λ] ]. The existence and classification of general star products on Poisson manifolds has been provided by Kontsevich's famous formality theorem [17] and the existence of Hermitian star products on symplectic manifolds was shown in [26, 27] . At the classical level it is possible to perform, under fairly general conditions, the phase space reduction which constructs from the original phase space M one of a smaller dimension denoted by M red , see e.g. [21] . More precisely, suppose that a Lie group G acts by symplectomorphisms resp. Poisson diffeomorphisms and that it allows an Ad * -equivariant momentum map J : M −→ g * with 0 ∈ g * as value and regular value, where g denotes the Lie algebra of G. Then C = J −1 ({0}) is a closed embedded submanifold of M , called regular constraint surface. If the action is in addition proper and free, then the reduced manifold M red given by the orbit space C/G is again a symplectic resp. Poisson manifold.
In the setting of deformation quantization a quantum reduction scheme has been introduced in [4] and one of the crucial ingredients is the notion of quantum momentum maps [33] . Given for all ξ, η ∈ g and f ∈ C ∞ (M ) [[λ] ]. Here J (ξ) = J , ξ denotes the pointwise dual pairing, see [14, 24] .
The map J is called quantum momentum map and the pairs (⋆, J ) are called equivariant star products, see also [28] [29] [30] for a classification in the symplectic setting and [11] for the more general Poisson case.
The BRST approach provides then a tool to construct a reduced star product ⋆ red on M red that is induced by the equivariant star product (⋆, J ) on M and thus implies that the deformation quantization is compatible with the classical phase space reduction. Here the abbreviation BRST stands for the particle physicists Becchi, Rouet, Stora [2] and Tyutin [31] who investigated gauge invariances by introducing new variables, the "ghosts" and "antighosts", see also [16] for further applications in physics. Kostant and Sternberg [18] transferred this idea to the setting of symplectic resp. Poisson geometry, introducing the classical BRST algebra A •,• = Λ • g * ⊗ Λ • g ⊗ C ∞ (M ) with ghost number grading A (n) = n=k−ℓ A k,ℓ and a corresponding super Poisson structure induced by the natural pairing of g * and g. The two characteristic features of the classical BRST algebra are the classical BRST operator D : A (•) −→ A (•+1) , satisfying D 2 = 0, and the ghost number derivation Gh inducing the ghost number grading. With these notions it was shown that one has the following isomorphism of Poisson algebras H (0)
where the classical BRST cohomology H (•)
BRST (A) is the cohomology of (A (•) , { · , · }, D), see also [13] . As mentioned above, Bordemann, Herbig and Waldmann [4] transferred this result to the setting of deformation quantization and constructed the standard ordered quantum BRST algebra (A (•) [[λ] ], ⋆ std , D std ) as formal deformation of the classical BRST algebra. In particular, they proved the quantum analogue of (1.3), namely
) denotes the cohomology of the quantized BRST algebra, the so-called quantum BRST cohomology, and the ghost number zero part A red is called reduced quantum BRST algebra. The above construction induces a star product ⋆ red on the reduced manifold, but if the star product on M is Hermitian, the construction does not yield an involution for it. The main problem here is that in general homological algebra is not compatible with involutions and positive definite inner products. Therefore, the new question addressed in this work is whether one can modify the BRST reduction in such a way that it gives in addition an induced *-involution for the reduced star product. Note that there is also a different way to construct involutions for ⋆ red via *-representations, see [3, 15] . A more general reduction scheme can also be found in [10] .
To this end we introduce a notion of abstract BRST algebras and investigate various concepts of involutions that are compatible with the gradings. We show that graded *-involutions with imaginary ghost operator are the best suited involutions as they guarantee the existence of non-trivial *-representations on pre-Hilbert spaces, which is necessary from the physical point of view to encode for example the superposition principle. Applying these abstract results to the setting of deformation quantization, we construct such an involution for the quantum BRST algebra A[[λ]] by means of a positive definite inner product on the Lie algebra as additional information. In this case, we prove that the so constructed *-algebra has sufficiently many positive linear functionals in the sense of [6] [7] [8] [9] , guaranteeing a non-trivial *-representation theory via GNS representations, see also [5] . Finally, we introduce the adjoint quantum BRST operator D * std and the quantum BRST quotient
(1.5)
We show for compact Lie groups that its zero-th order is isomorphic to the reduced BRST algebra, i.e. H (0)
(1.6)
The crucial ingredient in the proof is a C ∞ (C) G [[λ]]-valued inner product, similarly to algebra-valued inner products on Hilbert-modules [20] , but over [[λ]] as in [15] . In particular, this isomorphism induces the complex conjugation as involution for ⋆ red , hence the BRST reduction of Hermitian star products yields in this setting Hermitian reduced star products. In other words, we show that
are isomorphic in ghost number zero if the Lie group acting on M is compact, which provides a large class of examples for the physically relevant invariants.
The paper is organized as follows: In Section 2 we recall the basics concerning the classical BRST algebra and its counterpart in deformation quantization. Then we introduce in Section 3 the notion of abstract BRST algebras and look for compatible involutions and their *-representation theory. Having found a suitable concept of involutions we apply this idea in Section 4 at first to the Grassmann part and then finally to the quantum BRST algebra. The results of this paper are partially based on the master thesis [19] .
Preliminaries

The Classical BRST Complex and Cohomology
In this section we recall the description of the classical Marsden-Weinstein reduction via the classical BRST cohomology in order to establish the notation. We refer to [4, 13, 18] .
Let us consider a Hamiltonian G-space (M, G, J) consisting in a symplectic or Poisson manifold (M, ω) resp. (M, π) and a Hamiltonian action Φ : G × M −→ M with momentum map J. It is well-known that the quotient M red = C/G, where C = J −1 ({0}) with 0 being a regular value of J, inherits a symplectic resp. Poisson structure from M if the action is free and proper, see [21] . In addition, we can identify C ∞ (M red ) with C ∞ (C) G . From now on we call (M, G, J, C) Hamiltonian G-space with regular constraint surface and we denote by ι : C → M the canonical embedding and by I C = ker ι * the vanishing ideal of C. Using a tubular neighbourhood one can construct a prolongation map Lemma 2] . This yields in particular C ∞ (C) ∼ = C ∞ (M )/I C . Note that if the action is proper on M , then the prolongation map can even be chosen to be G-equivariant.
We aim to give another description of the Poisson algebra C ∞ (M red ). Let us consider the ×graded vector space
where the gradings are also called ghost and antighost degree. Then A carries a natural 2 -graded
is called the ghost number or total degree. In particular, the ghost number grading and the ×grading induce the same 2 -grading, so the notions of super derivations with respect to the 2 -grading and of graded derivations with respect to the ghost number grading coincide. With the ∧-product of forms (α ⊗ ξ) ∧ (β ⊗ η) = (−1) kℓ (α ∧ β) ⊗ (ξ ∧ η) for α ∈ Λ • g * , β ∈ Λ k g * , ξ ∈ Λ ℓ g and η ∈ Λ • g and the pointwise product of functions, A becomes an associative, super-commutative algebra that is graded with respect to all the above mentioned degrees. The element 1 ⊗ 1 ⊗ 1 is a unit and one has the following differentials:
• The vertical differential is the Chevalley-Eilenberg differential
where the representation of g on Λ
The corresponding cohomology is denoted by
One can show that (A •,• , ∂, δ) is a double complex and that the total differential
is a well-defined coboundary operator on the total complex A (•) , the so-called classical BRST operator, see [4, Section 4] . Note that the factor 2 in front of the Koszul differential in (2.6) is just a convention and that the ghost and antighost degrees are not respected by D, but the total degree is.
It turns out that A (•) has also a natural super Poisson stucture induced by the natural pairing of g and g * . Concerning the compatibility of this super Poisson structure with the grading and the BRST operator one finds the following properties:
• Let 2γ be the identity endomorphism of g, regarded as an element γ = 1 2 e a ∧ e a ∈ A 1,1 in terms of a basis e 1 , . . . , e n of g with dual basis e 1 , . . . , e n . Then the ghost number grading of A (•) is induced by the ghost number derivation Gh = {γ, · }, i.e. φ ∈ A (k) if and only if Gh φ = kφ. The element γ ∈ A (0) is called ghost charge.
• The total differential D fulfils D = {Θ, · } with Θ = Ω+J and Ω = − 1 2 [ · , · ] = − 1 4 f i jk e j ∧e k ∧e i , where f i jk are the structure constants of g. In particular, the classical BRST operator is an inner Poisson derivation of degree 1 and the odd element Θ ∈ A (1) is called classical BRST charge.
Summarizing, one calls the differential -graded super Poisson algebra (A (•) , D, { · , · }) classical BRST algebra, and the corresponding cohomology H BRST (A) is a unit with respect to the ∧-product, see [4, Lemma 9] . It has been proved that in ghost number zero one has the isomorphism
of Poisson algebras, inducing a Poisson structure on the reduced manifold, see [4, Prop. 10 ].
The Quantum BRST Complex and Cohomology
In a similar fashion, now one can perform all the above constructions in the framework of deformation quantization, where we follow again [4] . The underlying vector space of the quantum BRST algebra are the formal power series A ( property in (2.8) is also called quantum covariance and ensures that the quantum momentum map is a morphism of Lie algebras. Moreover, it implies that a Lie algebra representation ρ M is given by
for ξ ∈ g. The second property implies that the star product is also whereas in the Poisson case one uses an equivariant formality [11] . Such star products are also called strongly invariant. Therefore, we assume from now on that (M, ⋆, G, J , C) is a Hamiltonian quantum G-space with regular constraint surface. A quantized version of the Grassmann part Λ • (g * ⊕ g) can be constructed in the following way, see [4, Sect. 5] .
Let µ denote the ∧-product. The standard ordered star product
with P * = j(e k ) ⊗ i(e k ), where j denotes the right insertion and i the left insertion. It is a formal deformation of the ∧-product: it is a [[λ]]-bilinear, associative map such that for all homogeneous
Tensoring the standard ordered star product on the Grassmann part with the equivariant star product (⋆, J ) for the functions, we obtain an associative product
(2.12)
In analogy to the classical case one defines the standard ordered quantum BRST charge by
] is defined by χ(ξ) = 1 2 tr(ad(ξ)) for all ξ ∈ g, whence Θ std coincides in the zero-th order of λ with the classical Θ. One can compute Θ std ⋆ std Θ std = 0. Consequently, the standard ordered quantum BRST operator is given by
where ad std denotes the taking of the super commutator with respect to the standard ordered star product, and it is also a deformation of the classical BRST operator D. Then the standard ordered
The standard ordered quantum BRST operator splits into two differentials:
• The quantized Chevalley-Eilenberg differential δ :
the Chevalley-Eilenberg differential on the quantum BRST complex induced by the quantum representation
] as in (2.9).
• The quantized Koszul differential ∂ :
Note that the definition is independent of the basis.
By the equivariance of ⋆ we have ρ = ρ and hence the equality δ = δ. Moreover, as in the classical case one has the splitting 
is a unit with respect to ⋆ std . Finally we recall that there exists a deformed restriction map 
20)
with δ c being the Chevalley-Eilenberg differential on Λ
, where all maps are defined to be zero on the domains on which they were previously not defined. In particular, one has D std h + h D std = 2 id with h = prol + h and
iii.) If the action is in addition free on C, then H
and this construction induces a star product ⋆ red on M red via
, the so-called reduced star product.
To shorten the notation we call A red = H (0)
3 Abstract BRST Algebras and Different Types of Involutions
Abstract BRST Algebras
Let R be an ordered ring with É ⊆ R and C = R(i) its complexification with
], see [5, 7, 8] for a detailed discussion on *-representations and the GNS construction in this abstract setting. In the following, A denotes a 2 -graded associative algebra over C and ad(a) = [a, · ] the super commutator with respect to the 2 -grading.
is called ghost charge. The operator Gh is called ghost number operator and the induced grading is called ghost number grading.
ii.) An odd element Θ with ghost number +1 and square zero, i.e.
Θ ∈ A
(1) 1
and
3)
and the category of BRST algebras is denoted by BRST-Alg.
Note that the properties imply that Φ preserves the -grading as well. We often encounter the setting that the 2 -grading is induced by the -grading. In addition, D = ad(Θ) : A (•) −→ A (•+1) and D 2 = 0 imply that the BRST operator is a coboundary operator, thus it defines a cohomology:
is called BRST cohomology of A. The reduced BRST algebra is defined by
Since D is an odd inner derivation, the cohomology is again a × 2 -graded associative algebra and A red is a well-defined associative subalgebra. The ghost number operator acts on H
If the 2 -grading is induced by the -grading, then we have A red = H (0)
BRST (A) as in the case of the quantum BRST cohomology. A straightforward computation shows that the assignment of a BRST algebra (A, γ, Θ) to its BRST cohomology H (•) BRST (A) and reduced BRST algebra A red is a functor from BRST-Alg into the category of × 2 -graded algebras resp. algebras.
Let us consider a *-involution for A. Since we aim to get an induced involution on A red = H (0) BRST,0 (A), the involution on the whole of A should respect the 2 -grading. We have two main possibilities for involutions on a 2 -graded algebra A:
• Graded *-involutions I : A −→ A, i.e. C-antilinear involutive even maps with
for all a, b ∈ A. The pair (A, I) is called graded *-algebra.
• Super *-involutions S : A −→ A, i.e. C-antilinear involutive even maps with
for all homogeneous elements a, b ∈ A with degrees |a|, |b|. The pair (A, S) is called super *-algebra.
A short computation shows that the graded resp. super *-involutions of the adjoint representations give a minus sign. This motivates the following rescaling: From now on γ ∈ A (0) 0 and Θ ∈ A
1 are the elements such that Gh = i ad(γ) and D = i ad(Θ).
(3.10)
Note that the normalization does not change the cohomology of D as well as the grading induced by Gh and that in the case of the quantum BRST algebra we already have a corresponding factor 1 i in front of the super commutator.
One can show that the notion of super and graded *-involutions can be mutually exchanged by rescaling the odd component of the involution by ±i. Thus it only remains to investigate possible compatibilities of involutions with the ghost number grading. As we ultimately want an induced *-involution on the even ghost number zero part of the BRST cohomology, the ghost number zero part should be invariant under the involution, too. There are again two main possibilities: An involution that leaves the ghost number grading invariant, or an involution that inverts the ghost number grading.
Remark 3.3 (Involution leaving ghost number invariant)
A super *-involution that leaves the ghost number degree invariant and with Hermitian BRST charge Θ * = Θ induces a super *-involution on the cohomology and a *-involution on A red in a functorial way. However, this kind of involution has a big disadvantage in connection with *-representations π on pre-Hilbert spaces over C, see [7] : In this case π(Θ) = 0 would vanish. The induced inner product on the physical space is in general still not positive definite, which leads to so-called no ghost theorems, compare e.g. [16, Sect. 14.2] .
The above remark is a consequence of a more general problem:
The theory of homological algebra is not compatible with star involutions resp. with the positive definiteness of inner products. In the case of three or more dimensions there are no canonically induced inner products on the cohomology as the following simple example shows: Consider Ê 3 with Euclidean scalar product and differential d = We are mainly interested in non-trivial *-representations of the reduced quantum BRST algebra with involution, where one of the motivations consists in implementing the superposition principle. Therefore, the above lack of positivity leads us to the study of other possibilities for involutions * on the BRST algebra A such that D and Θ are not Hermitian, i.e. D = D * and Θ = Θ * .
Graded *-Involution with Imaginary Ghost Operator
Consider a BRST algebra (A, γ, Θ) which has an additional graded *-involution a → a * . Since super and graded *-involutions can be mutually exchanged, this is only a matter of convenience and no relevant choice. Since the graded *-involution is compatible with the 2 -grading and since it inverts the ghost number grading, we directly see that A (0) becomes a 2 -graded *-subalgebra of A. Similarly, A (0) 0 becomes a *-subalgebra of A. Moreover, we obtain the following behaviour of the ghost charge and the BRST operator under the graded *-involution. for homogeneous a ∈ A with degree |a|.
Proof: Concerning the first point we have −i ad(γ) = i ad(γ * ) and thus γ * + γ is in the center of A as well as γ, γ * ∈ A (0) 0 , hence the statement is shown. For the second point note that Θ ∈ A
1 , so Θ * ∈ A (−1) 1 , and (3.13) follows from a short computation.
The element ∆ = ΘΘ * + Θ * Θ = ∆ * ∈ A (0) 0 is called Laplacian and will play an important role in the representation theory. It follows that Θ and Θ * are either linearly independent or both equal to zero as A (1) ∩ A (−1) = {0}. Thus the kernel of D is no *-subalgebra of A and there is no obvious way to obtain a *-structure on the BRST cohomology H ii.) a ∈ im D ∩ im D * ⇐⇒ a, a * ∈ im D ⇐⇒ a, a * ∈ im D * . Consequently, the intersection ker D ∩ ker D * is a × 2 -graded *-subalgebra of A and the set im D ∩ im D * ⊆ ker D ∩ ker D * is a × 2 -graded *-ideal therein.
Proof: The first two parts follow directly with (3.13) . In addition, we have for all homogeneous elements a ∈ ker D ∩ ker D * and
Hence we know that (ker D ∩ ker D * )/(im D ∩ im D * ) becomes a × 2 -graded algebra as well. 
14)
and by
one denotes the corresponding reduced BRST *-algebra.
Note that H
(•)
BRST (A) can in general not be expressed as cohomology of some cohomological chain complex since it is only a quotient of an algebra with an ideal. Nonetheless, we sometimes call it cohomology in analogy to H (•) BRST (A) and to simplify the notation. We have the following result.
The reduced BRST *-algebra A red is a *-algebra.
Proof: The properties follow directly by the above results and the compatibility of the *-involution with the grading.
Just as for BRST algebras one shows that the passages from a BRST *-algebra with imaginary ghost operator to its BRST quotient and reduced BRST *-algebra are functorial: Finally, we can prove that there is the following crucial relation between H is a well-defined morphism of × 2 -graded algebras.
Proof: The well-definedness follows directly with the definitions of the quotients and the compatibility with the grading is clear as both H 
Remark 3.12
The important question is if this canonical morphism I A is an isomorphism, which would justify our construction and yield a canonical involution on the BRST cohomology. In general, there seems to be no possibility to decide whether I A is injective or surjective and one has to argue which reduction scheme fits better to the respective application. In Section 4.2 we show that in our example of the quantum BRST algebra I A is an isomorphism if restricted to the physically most relevant zero-th degree.
In the remaining part of this section we want to show that *-involutions with imaginary ghost operators lead indeed to a non-trivial *-representation theory on pre-Hilbert spaces, in contrast to the involutions with Hermitian BRST charges and Hermitian ghost operators.
BRST *-Representations and GNS Construction
We introduce a *-representation theory of BRST *-algebras with imaginary ghost operator and show that the representations can be reduced to *-representations of the reduced BRST *-algebras. In addition, we sketch an adapted GNS construction. The notions are based on the theory of pre-Hilbert spaces H as in [32, Chapter 7] . Recall that a pre-Hilbert space over C is a C-module H with positive definite inner product · , · . Note that positivity, i.e. φ, φ > 0 for all φ ∈ H \ {0}, makes sense in our setting as R ⊂ C = R(i) is ordered. A map A : H → H is called adjointable if there exists a map A * : H → H such that Aφ, ψ = φ, A * ψ for all φ, ψ ∈ H. The set of adjointable maps is denoted by B(H). These spaces can be adapted to our setting: (3.19)
One can directly check that this quotient is again × 2 -graded and noting ker Θ * H = (im Θ H ) ⊥ we can even show more: 
is a left ideal in A, the so-called Gel'fand ideal. The quotient H ω = A/I ω becomes a left A-module in the canonical way by setting π ω (a)ψ b = ψ ab for a, b ∈ A, where ψ b ∈ H ω denotes the equivalence class of b. One has a positive definite inner product ψ a , ψ b ω = ω(a * b) on H ω and π ω turns out to be a *-representation of A, the so-called GNS representation with respect to ω.
The representations of BRST *-algebras A should be compatible with the × 2 -grading, whence we have to consider × 2 -homogeneous positive linear functionals ω : A → C, i.e. such positive linear functionals that vanish on all degrees except A (0) 0 . In this case one easily sees that I ω and H ω are × 2 -graded and that the GNS representation is compatible with the degrees. Even more, vectors in H ω with different degrees are orthogonal.
Since the -grading of the BRST algebra is induced by γ, we require in addition π ω (γ) = γ Hω . Therefore, one needs a further condition on ω as a straightforward computation shows: Proposition 3.21 Consider a BRST *-algebra (A, γ, Θ, * ) with imaginary ghost operator and an even, positive linear functional ω : A → C. If the ghost charge satisfies γ ∈ I ω , i.e. ω(aγ) = ω(γ * a) = 0 for all a ∈ A, then ω is homogeneous with respect to the × 2 -grading and one has π ω (γ) = γ Hω .
(3.26)
In particular, (H ω = A/I ω , γ ω = π ω (γ), Θ ω = π ω (Θ)) is a BRST pre-Hilbert space and
is a BRST *-representation of A.
Thus we have found a way to generalize the GNS construction to BRST *-algebras with imaginary ghost operator, which gives us an explicit method to construct BRST *-representations.
Remark 3.22
The next question one could ask is if for such a linear functional ω the reduced representations (π ω ) BRST and (π ω ) red are again GNS representations of some linear functionals on the quotients. In particular, it is interesting if there is a canonical way to construct the corresponding linear functionals if they exist. It turns out that there is a positive answer to both questions if one requires in addition ω(∆) = 0. This reflects the compatibility of ω with the BRST charge Θ and its adjoint Θ * that are responsible for the reduction.
*-Involutions for the Quantum BRST Algebra
In this section we apply the above results and construct a *-involution for the quantum BRST algebra
] corresponding to a Hamiltonian quantum G-space (M, ⋆, G, J ).
Graded *-Involutions on the Grassmann Algebra
Let us assume that we have an equivariant and Hermitian star product on M , so that the complex conjugation is an involution on C ∞ (M ) [[λ] ]. Thus we only need to find a suitable *-involution for the Grassmann algebra leading to a quantum BRST algebra having sufficiently many positive functionals. A first possibility for an involution is the complex conjugation. Unfortunately, we can check that it is neither a graded nor a super *-involution with respect to the standard ordered star product.
We define a standard ordered representation in analogy with the case of cotangent bundles [25] . Let ι * be the restriction
i.e. ι * sets all forms with a nontrivial g-part to zero. Moreover, we denote by
the inclusion map. It immediately follows ι * pr * = id Λ • g * [[λ]] and we can define the following representation.
Definition 4.1 (Standard ordered representation)
The standard ordered representation
Then we directly see that ρ std is [[λ]]-linear and satisfies ρ std
Remark 4.2
The idea comes from the theory of Clifford algebras, from which we know
since all non-degenerate bilinear symmetric inner products are equivalent on 2n , see e.g. [22, Prop. 2.4] . Note that here the first isomorphism is an isomorphism of vector spaces, whereas the other two are isomorphisms of Clifford algebras. We transferred this idea to the quantized setting. Proof: The properties follow from lengthy but straightforward computations.
Using the definition of ρ std we can immediately compute ρ std (1) = id, ρ std (e i ) = 2iλ i(e i ) and ρ std (e i ) = e i ∧ · (4.7)
for the elements 1, e 1 , . . . , e n , e 1 , . . . , e n that generate (Λ • (g * ⊕ g )[[λ]], • std ). It is known that Λ • g * has a structure of a pre-Hilbert space over , which extends to [[λ] ]. 
for all a 1 , . . . , a k , b 1 , . . . , b k ∈ g * . In particular, (Λ • g * [[λ]], · , · * ) is a pre-Hilbert space over [[λ] ].
In order to get an involution on Λ
] which is independent of λ, we define the rescaled inner product · , · for each
(4.9)
Note that for λ = 0, the inner product · , · on Λ • g * [[λ]] is degenerate, but the corresponding *-involution on Proof: For c ∈ we have ρ std (e ℓ ) * c, e j = c, ρ std (e ℓ )e j = 2iλ c, i(e ℓ )e j = 2iλcδ j ℓ = ig ℓk c e k , e j = ρ std (−ig ℓk e k )c, e j , and analogously ρ std (e ℓ ) * e j , c = ρ std ( g ℓk i e k )e j , c . In other words, we get ρ std (e ℓ ) * = ρ std (−ig ♭ (e ℓ )) and ρ std (e ℓ ) * = ρ std (−ig ♯ (e ℓ )). Furthermore we have ρ std (c) * = ρ std (c), inducing the involution from (4.10). Finally we compute 2γ * = (e k • std e k ) * = −g km g kn e n • std e m = −2γ.
The above result shows that this graded *-involution is in some sense a "natural" one since it is induced by the above representation ρ std . Moreover, one can show that the standard ordered representation ρ std from Definition 4.1 is even unitarily equivalent to a GNS representation.
Finally, we want to show that we have sufficiently many positive linear functionals. We recall [7, Def. 2.7]: Let (A, * ) be a *-algebra over C = R(i). Then A has sufficiently many positive linear functionals if for any non-zero Hermitian element h = h * ∈ A \ {0} there exists a positive linear functional ω : A −→ C with ω(h) = 0.
The non-deformed Grassmann algebra has obviously not sufficiently many positive linear functionals as a * ∧ a = 0 for all a ∈ Λ k g * ⊗ Λ ℓ g with k + ℓ > n, hence the Cauchy-Schwarz inequality implies ω(a) = 0 for all such a and all positive linear functionals ω, in particular for the Hermitian ones. 
is also positive and linear. Consider now the projection δ :
] that is a positive linear functional. For elements c ∈ Ê[[λ]] \ {0} we have δ(c) = 0, hence we can restrict ourselves to elements of non-trivial × -degree. Take an orthonormal basis e 1 , . . . , e n of g with respect to g with orthonormal dual basis e 1 , . . . , e n of g * with respect to g −1 . In particular, we have e * j = −ie j . Then every non-zero Hermitian element h has to be the sum of elements of the form a = (−i) i+j c e k 1 ∧ · · · ∧ e k j ∧ e ℓ i ∧ · · · ∧ e ℓ 1 + c e ℓ 1 ∧ · · · ∧ e ℓ i ∧ e k j ∧ · · · ∧ e k 1 with i, j = 0, . . . , n not both equal to zero and with c ∈
Choosing for example c 1 = c as well as c 2 such that (−1) j c 2 = c 2 yields δ b (a) = 0. The above procedure can be easily extended to a general Hermitian element.
Remark 4.7 Even though the complex conjugation yields no involution for the standard ordered star product, one can check that it is a well-defined super *-involution for the Weyl ordered one, see [4] for a definition. However, in this setting one can show that there are no non-trivial positive linear functionals. 
Comparison of the Reduced Quantum BRST Algebras
For the BRST charge γ = 1 2 e k ∧ e k we have already seen γ * = −γ in Proposition 4.5, thus the ghost number derivation Gh = 1 iλ ad(γ) fulfils Gh * = − Gh . Therefore, we have constructed a graded *-involution with imaginary ghost operator. The only thing remaining to be shown is that the quantum BRST algebra has sufficiently many positive linear functionals. By Proposition 4.6 the Grassmann part has sufficiently many positive linear functionals and ( C ∞ (M )[[λ]], ⋆) with complex conjugation as involution has sufficiently many positive linear functionals, see [6, Prop. 5.3] . Moreover, [7, Prop. 2.8] states that a unital *-algebra has sufficiently many positive linear functionals if and only if it has a faithful *-representation on a pre-Hilbert space. Both the Grassmann algebra (Λ • (g * ⊕ g )[[λ]], • std ) and the functions are unital *-algebras and the Grassmann part has already such a *-representation ρ std as discussed in Proposition 4.5. In particular, we know 
], so the images for different i = 0, 1, . . . , n are either zero or linearly independent, allowing us to fix the index i. A straightforward computation shows ρ std (e j 1 ∧ · · · ∧ e j i ∧ e ℓ k ∧ · · · ∧ e ℓ 1 )z = (2iλ) k e j 1 ∧ · · · ∧ e j i ∧ i(e ℓ k ) ∧ · · · ∧ i(e ℓ 1 )z.
Choosing now φ ∈ H such that π F r k ...r 1 p 1 ...p i φ = 0 for some sets of indices {r 1 , . . . , r k } and {p 1 , . . . , p i } yields 
On the other hand, we have the BRST quotient H 
We already know from Proposition 2.1 that there is an isomorphism
where we understand ι * to act on the representatives of the equivalence classes and prol to map into the corresponding equivalence class. We directly observe the following:
Lemma 4.10 The map
is well-defined with right inverse prol. Moreover, prol is also a left inverse if
] for any i = 0, 1, . . . , n and α i .
So prol is still a well-defined right inverse of ι * .
These conditions can be further simplified by exploiting the chain homotopy from Proposition 2.1. inner product on g inducing the involution * via (4.10). Then ι * :
] as above.
Proof: We consider at first the augmented standard ordered BRST operator D std = D std + ∂ c + 2ι * . We know from Proposition 2.1 that D std h + h D std = 2 id, which entails
Thus to prove the desired (4.16) it suffices to show
which is fulfilled if ι * F 0 = ι * F 0 .
In general we do not know if F 0 is G-invariant, i.e. δF 0 = δF 0 = 0, as the higher orders of 
(4.21)
The key point is now that this action yields a * -representation, see [15, Prop. 5.11] . Now we can finally prove Theorem 4.9.
Proof (of Theorem 4.9): By Proposition 4.11 it suffices to show
Just as above, {x iα i } α i is a basis of Λ i g * ⊗ Λ i g and 
as well as F 0 • 1 = ι * F 0 ∈ C ∞ (C) G [[λ]], which implies Φ * g −1 ι * F 0 = ι * F 0 and Φ * g −1 ι * F 0 = ι * F 0 . Using (4.19) we can compute
and analogously
which together with (4.22) implies the desired ι * F 0 = ι * F 0 .
If the action is in addition free on C, we know that M red = C/G is a smooth manifold and with Proof: The fact that this construction induces the complex conjugation as involution for the reduced star product follows as in [15, Prop. 4.7] . Explicitly, we have π * (u 1 ⋆ red u 2 ) = ι * (prol(π * u 1 ) ⋆ prol(π * u 2 )) = ι * prol(π * u 1 ) ⋆ prol(π * u 2 ) = ι * (prol(π * u 2 ) ⋆ prol(π * u 1 )) = π * (u 2 ⋆ red u 1 )
There exists another construction of a *-involution for ⋆ red via the GNS representation for a suitably chosen positive functional depending on a density, see [15, Thm. 4.17] . In comparison to this one we get always the same *-involution for the reduced star product, independently on the inner product g on g. This is due to the fact that the choice of a density for the positive functional is a non-canonical one, whereas all inner products on the Lie algebra lead to isomorphic reduced *-algebras. Also, in the only order where ι * 
